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Abstract
While significant research has been dedicated to the simula-
tion of fluids, not much attention has been given to exploring
new interesting behavior that can be generated with the dif-
ferent types of non-Newtonian fluids with non-constant vis-
cosity. Going in this direction, this paper introduces a com-
putational model for simulating the interesting phenomena ob-
served in non-Newtonian shear thickening fluids, which are flu-
ids where the viscosity increases with increased stress. These
fluids have unique and unconventional behavior, and they often
appear in real world scenarios such as when sinking in quick-
sand or when experimenting with popular cornstarch and wa-
ter mixtures. While interesting behavior of shear thickening
fluids can be easily observed in the real world, the most in-
teresting phenomena of these fluids have not been simulated
before in computer graphics. The fluid exhibits unique phase
changes between solid and liquid states, great impact resistance
in its solid state and strong hysteresis effects. Our proposed ap-
proach builds on existing non-Newtonian fluid models in com-
puter graphics and introduces an efficient history-based stiff-
ness term that is essential to produce the most interesting shear
thickening phenomena. The history-based stiffness is formu-
lated through the use of fractional derivatives, leveraging the
fractional calculus ability to depict both the viscoelastic behav-
ior and the history effects of history-dependent systems. Simu-
lations produced by our method are compared against real ex-
periments and the results demonstrate that the proposed model
successfully captures key phenomena observed in shear thick-
ening fluids.
1 Introduction
In the field of rheology, the mechanics of fluids is typically
characterized by a viscosity function, where the viscosity is
defined as the ratio of shear stress to shear rate in a steady state
flow. For a Newtonian fluid like water, this viscosity is a single-
valued constant, but in non-Newtonian fluids this viscosity may
be a function of shear rate and other parameters. Dense sus-
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pensions of hard particles are known to be shear thickening,
meaning that the viscosity function increases with shear rate
over some range.
Shear thickening fluids (STFs) form a sub-category of non-
Newtonian fluids exhibiting unconventional behavior that is not
seen in other Newtonian or non-Newtonian fluids. These fluids
harden when agitated by strong forces and soften in the absence
of any forces. Moreover, they are history-dependent fluids in
the sense that they keep their solid-like state for a given amount
of time even after the forces are applied, i.e., their memory only
fades away after some time. See Figure 1 for an example ob-
tained with our simulation model.
The most known example of shear thickening fluids is proba-
bly the cornstarch and water mixture. The odd behavior of this
fluid has recently attracted much public attention and videos
showing experiments involving mixtures of cornstarch and wa-
ter are widely spread over the Internet. In these experiments, it
is possible to witness the dramatic impact resistance of the fluid
to the point that a person can run on top of its surface without
sinking [1].
Another STF that has received some attention in several movies
is quicksand. Innovative applications of STFs have also been
developed. For example, the United States Army Research
Laboratory has developed a “Liquid Body Armor”, an armor
suit that has layers of shear thickening fluid and Kevlar mix-
ture. The fabric made of STF is highly resistant to penetra-
tion when impacted by a spike, knife or bullet, without com-
promising its weight, comfort or flexibility in normal condi-
tions [2] [3].
Despite the growing interest in the properties of shear thick-
ening fluids, no computational models are known to date to
simulate their complete behavior. For instance, while several
models exist to simulate viscoelastic fluids, viscoelastic fluids
and shear thickening fluids are non-overlapping subcategories
of non-Newtonian fluids. Our proposed model in particular ad-
dresses a subcategory more specifically referred to as discon-
tinuous shear thickening in the literature, which includes the
most interesting phenomena observed in cornstarch and water
mixtures (shown in Figures 1 and 5.)
Our contribution in this paper is significant to computer graph-
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ics in several aspects: it demonstrates new simulation effects
that can be achieved with fractional derivatives, it shows that
phenomena not previously simulated can be addressed with
reasonably simple SPH-based techniques, and it introduces to
computer graphics the unconventional behavior of an interest-
ing class of materials. The model we introduce in this paper is
the first to produce visually successful simulations of the most
interesting phenomena observed in shear thickening materials.
2 Related Work
The simulation of shear thickening fluids involves concepts
from different disciplines. We first review previous work in
physics that discuss the behavior of shear thickening fluids.
We then review a group of rheology and physics papers that
use fractional calculus to describe viscoelasticity and the be-
havior of non-Newtonian fluids. Finally, we review previous
work in computer graphics that are related to simulation of non-
Newtonian or viscoelastic fluids.
2.1 Physics and Rhelology
While several models exist for shear thickening, none have
been able to quantitatively predict the dramatic impact resis-
tance observed in dense suspensions such as cornstarch and
water. One long-standing model for shear thickening attributes
the increased dissipation rate of shear thickening to lubrica-
tion forces in the small gaps between densely packed parti-
cles [4] [5]. As the particles are sheared together the lubrica-
tion forces increase and the particles form ‘hydroclusters’ that
separate slowly because of the large lubrication forces.
Another popular model connects shear thickening to dilatancy
of a densely packed granular material. When a densely packed
suspension is sheared, the particles form force chains between
particles in contact and the packing dilates (expands), which
causes it to push against the boundaries of the system. The
boundaries can then apply a force that propagates back along
the force chains. In this model, the energy dissipation in the
dilated state comes from solid friction between particles, with
forces determined by the stiffness of the boundary. This model
has quantitatively explained the orders-of-magnitude increase
in viscosity observed in shear thickening suspensions in shear
rheometry measurements, where the relevant boundary is usu-
ally the suspension-air interface and the stress is due to surface
tension [6].
A model that is specific to impact response was developed by
Waitukaitis and Jaeger [7], where they suggest that colliding
particles collect to form a transient solid front that develops
underneath the impact site and propagates downward. They
found that for fast impacts in a deep pool of dense suspension,
the deceleration of an impacting object could be accounted for
by conservation of momentum as this solid region acts as an
effective mass accumulating on the end of the impacter.
All of the aforementioned models predict forces that are at least
an order-of-magnitude too small to explain all the observations
of people running on top of dense suspensions, and a physical
mechanism that can account for the most dramatic impact re-
sistance is still unknown. No physics-based simulations have
yet been able to show such dramatic impact resistance.
The importance of hysteresis (history effects) is recently em-
phasized for the correct description of the fluid. Deegan [8]
showed that indentations in the surface of a vibrated shear
thickening fluid only become stable if there is hysteresis in the
viscosity function. In a different study, Kann et al. [9] sug-
gested that oscillations in the velocity an object sinking in shear
thickening fluid may also be due to hysteresis in the viscosity
function.
2.2 Fractional Calculus and Viscoelasticity
Even though our model is the first to use fractional calculus
for the simulation of shear thickening fluids in the realm of
computer graphics, the approach comes from existing mathe-
matical models developed in the physics and rheology fields.
Fractional calculus is popular for describing the complex dy-
namics of relaxation, oscillation and viscoelastic behavior seen
in non-Newtonian fluids. In general, fractional calculus is em-
ployed by replacing the time-derivatives of strain and stress in
well-established ordinary models, by derivatives of fractional
order. This results in a more appropriate model for fluids that
exhibit both viscous and elastic behavior.
A detailed literature review on the attempts of using fractional
derivative models to non-Newtonian fluids in order to obtain
analytic solutions is presented in [10]. The first work to adopt
fractional derivatives to the problem of viscoelasticity was pre-
sented by Germant [11]. Following its introduction, Bagley
and Torvik [12] demonstrated predictive constitutive relations
based on fractional derivatives for the viscoelasticity of coil-
ing polymers. Makris and Constantinou [13] were able to
successfully fit a fractional derivative based on the Maxwell
model to the experimental data, hence showing that a frac-
tional Maxwell model can replace the Maxwell model for sil-
icon fluids. Heibiga [14] also used a one-dimensional frac-
tional derivative based on the Maxwell model for the linear
viscoelastic response of some polymers in the glass transition.
Palade [15] reduced the constitutive equation for the incom-
pressible fluid to the linear fractional derivative Maxwell model
in the context of small deformations.
2.3 Computer Graphics
Fractional derivatives have been introduced before in computer
graphics with a deformation model for underwater cloth sim-
ulation. The approach achieves a history-based surface model
that does not require the simulation of the body of water sur-
rounding the cloth model [16]. In this paper, we employ the
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Figure 1: This scenario illustrates the typical behavior of a shear thickening fluid: while the bowling ball hits the fluid with high
energy the bowling ball bounces (left image), and only when the energy starts to dissipate the bowling ball will then gradually sink,
as in a standard fluid (right image).
history effects of fractional derivatives for the purpose of sim-
ulating the interesting behavior of discontinuous shear thicken-
ing fluids.
Basic shear thickening behavior has been simulated before in
previous work with a modified Herschel-Bulkley model [17].
The Herschel-Bulkley model is an abstract general form for a
bulk rheology that can include shear thinning and shear thick-
ening in a mathematical sense; however, it is well-known that
the shear thickening that is described by this type of model is
not able to simulate the behavior of discontinuous shear thick-
ening fluids, such as the interesting phenomena exhibited by
cornstarch and water [18, 19]. The key physics that has to
be taken into account is hysteresis in the constitutive relation,
what is achieved by our model with the use of fractional deriva-
tives.
Other relevant papers to our work are the ones addressing melt-
ing and flow of materials. Terzopoulos and Fleischer [20] de-
veloped a method that can simulate non-rigid objects that are
capable of heat conduction, thermoelasticity and melting. The
particles that constitute the material are connected by elastic
springs and, in order to model the melting effect, the stiffness
of the springs decreases as the temperature rises, and the parti-
cles break free when the springs disappear. Desbrun and Gas-
cuel [21] also focused on the flow of soft substances. They em-
ployed a hybrid model by combining an implicit surface model
with a particle system. Successful results were presented on
the animation of soft materials that can undergo fusion. Des-
brun and Cani [22] demonstrated the first application of SPH
in Computer Graphics for the animation of inelastic deformable
bodies with a wide range of stiffness and viscosity.
Carlson and Turk [23] took on the challenge of animating ma-
terials with both fluid and solid-like behavior. The target was
on materials that can melt, flow and solidify. A modification
of the marker-and-cell method was used to deal with the com-
putational barrier of simulating highly viscous fluids, since the
solidity of the materials was in fact achieved by simulating a
highly viscous fluid. No elastic elements were added to the
fluid equations. Goktekin et al. [24] presented a method that
animates viscoelastic fluids such as mucus, liquid soap, tooth-
paste and clay. The method introduced elements of elasticity
into an Eulerian implementation of the Navier-Stokes equa-
tions. The total strain is defined as the sum of elastic and plastic
strains.
Clavet et al. [25] developed a powerful and simple method
that can efficiently and realistically simulate viscoelastic flu-
ids. The method combines a simplified SPH with a mass-spring
system. The SPH is responsible for the fluid behavior while
the springs are responsible for the elasticity and plasticity ef-
fects that make the material more solid-like. The method com-
putes an additional pressure term named near-pressure, along
with the conventional pressure term calculated through SPH.
This term is used to solve the clustering problem which is a
common problem in SPH implementations. Furthermore, the
nearby particles are also connected to each other by springs.
These springs have varying rest lengths and are removed when
the distance between a pair of particles is greater than a thresh-
old. The use of adaptive springs along with the double density
relaxation method results in a very strong animation tool for
viscoelastic models. This method constitutes the starting point
for our proposed shear thickening fluid animation model.
In conclusion, shear thickening fluids have no known complete
physical model and their simulation is an interesting animation
problem. At the same time, the ability of fractional calculus
to describe history-based behavior is well established in rhe-
ology. Motivated by these facts, this paper builds on the non-
Newtonian fluid models in computer graphics and introduces a
fractional calculus based model to efficiently simulate the in-
teresting behavior of discontinuous shear thickening fluids.
3 Proposed Model
The starting point of our shear thickening simulation model is
based on the model presented by Clavet et al. [25]. We give be-
low a summary of this model, and we then focus on describing
our solution for achieving the shear thickening behavior.
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3.1 Preliminaries
Clavet et al. [25] simulate viscoelastic fluids using a La-
grangian model that combines SPH forces with a dynamic
mass-spring system. The density of a particle is computed
based on the distance to other particles in its vicinity. The
pair-wise distances are smoothed through a smoothing kernel
function. The densities are then used to calculate the pressures
at particle locations. Two density terms namely near-density
and far-density are calculated in slightly different ways and
this procedure is called double density relaxation. The addi-
tional near-density term is employed to counteract the cluster-
ing problem and to create better surface tension. The viscosity
force between two particles is calculated based on the differ-
ence between their velocities, in accordance with the Navier-
Stokes equations. The difference in velocities has both linear
and quadratic effects. The elasticity component originates from
the spring-mass system.
Particle pairs that are close to each other up to a given distance
are connected to each other by elastic springs, and the spring
force is given by:
F s = −kmin x, (1)
where kmin is the spring constant. The springs only exist be-
tween pairs of particles that are closer to each other than a given
distance. If two particles move farther away from each other,
then the spring connecting them is removed. The rest lengths
of the springs are also updated at every simulation step. The
addition and removal of springs along with the rest length up-
dates create the effect of plasticity. The displacements orig-
inating from the SPH and spring forces are applied through
a prediction-relaxation approach. For more details about this
model we refer the reader to the work of Clavet et al. [25].
3.2 Shear Thickening Behavior
The existence of viscosity, elasticity and plasticity terms lead to
the simulation of viscoelastic materials or non-Newtonian flu-
ids. However, these components are not sufficient for creating
a shear thickening fluid.
Shear thickening fluids have two very important additional
characteristics when compared to viscoelastic fluids. First, they
change their state from liquid-like to solid-like when subjected
to great forces. As long as forces are present, the solid-like state
is preserved. In the absence of forces, the material will soften
and return to its liquid-like structure. Second, shear thicken-
ing fluids are history-dependent materials. The present state of
these materials is defined in terms of past states, and the ma-
terials remember the past forces that affected them up to some
extent. When a shear thickening fluid is in its solid-like state
and all forces are ceased, it will take some time to go back to its
liquid-like state. Likewise, when the fluid is in its liquid state
and is agitated by mild forces, it will slowly move from liquid
to solid state over time.
In our proposed approach, the most critical factor that will
transform a viscoelastic fluid into a shear thickening fluid is
the inclusion of history-based spring elements. These elements
have a history-based stiffness constant that injects the informa-
tion of the past into the system. The history-based stiffness
terms are achieved by multiplying the stiffness constant of the
dynamic springs by the magnitude of the fractional derivative
of the position of the connected particle. The history-based
spring element is given by:
F hist = −khist ‖Dqx‖ x, (2)
where khist ‖Dqx‖ is the history-based stiffness, Dqx is the
qth order derivative of the position and q is a non-integer be-
tween 0 and 1.
The approach used to achieve the history effects relies on the
properties of fractional calculus. As discussed in Section 2.2,
fractional calculus is widely used for the description of vis-
coelastic phenomena and it provides an appropriate tool for the
simulation of history effects.
The reason for achieving history effects can be clearly seen
by the fractional derivative formulation, which in its compu-
tational form involves a summation of past integer derivative
terms. The numerical formulation adopted in this paper is
based on the Riemann–Liouville integral (see Appendix). A
second order numerical solution of the fractional derivative of
order q for values 0 < q < 1 is given by Soon et al. [26], and it
reads:
Dqxn =
∆t1−q
Γ(3− q)
n∑
p=0
ap,nD
1xp, (3)
ap,n =

(n− 1)2−q − n1−q(n + q − 2) if p = 0,
(n− p− 1)2−q − 2(n− p)2−q + (n− p + 1)2−q
if 0 < p < n,
1 if p = n,
where q is the derivative order such that 0 < q < 1, n is the in-
dex of the most recently computed timestep, ap,n is the weight
of the past timestep p computed at the current timestep n, Γ
is the Gamma function, and D1xp = vp is the velocity of the
particle at past timestep p.
The fractional derivative of the position at the current time step
is thus computed based on the velocities of the past, and the
past velocities are prioritized by weights. The near past has
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Figure 2: Weights produced by fractional derivatives of order
0.2, 0.5 and 0.8.
more influence on the current state than the far past. The evo-
lution of the weights generated by the fractional derivative op-
erator is shown in Figure 2 for q values of 0.2, 0.5 and 0.8.
We compute the total spring force as the sum of forces gener-
ated by the history-based spring element and the regular elastic
spring:
F = −kmin x− khist ‖Dqx‖ x. (4)
Substituting Equation 3 into Equation 4 and rearranging, we
obtain:
F = −1
(
khist
∆t1−q
Γ(3− q)
∥∥∥∥∥ n∑p=0 ap,nvp
∥∥∥∥∥+ kmin
)
x,
(5)
where khist is the control parameter for the history-based
spring, ap,n is the weight of the past timestep p computed at the
current timestep n, vp is the velocity of the particle at the past
timestep p, kmin is the stiffness constant of the elastic spring,
and x is the vector of elongation or compression.
The above formulation successfully models both of the desired
features of shear thickening fluids. First, the spring immedi-
ately becomes very stiff when the velocity vp dramatically in-
creases in the near past, what results in the mass-spring system
exhibiting solid-like behavior in regions where great impact
forces are applied. Second, the spring will gain memory thanks
to the weights ap,n that apply to the velocities of the past. This
results in the overall stiffness of the springs gradually rising un-
der continuous application of forces, and gradually decreasing
under the absence of forces. The overall behavior achieved by
the spring-mass system will lead to the shear thickening fluid
slowly changing its phase both from liquid to solid and from
solid to liquid.
Although khist and kmin are both denoted with the letter k
in accordance with the Hooke’s law, they serve different pur-
poses. Constant kmin is the stiffness of the elastic spring and it
specifies the minimum stiffness that the spring can have. The
history-based stiffness originating from the fractional deriva-
tive is an additional term on top of the default stiffness. In
the absence of great velocities, notice that the first term in
the parenthesis of Equation 5 vanishes and the system behaves
exactly like a regular viscoelastic fluid as described in [25].
However, when the particle gains instantaneous or cumulative
high velocity over time, the first term adds extra stiffness to
the spring. Constant khist is the parameter that controls the
amount of extra stiffness that will be created due to the veloc-
ity increase. Constant khist can be used to give to the animator
the ability to implicitly control the maximum stiffness that the
system can gain. In cases where the integration method cannot
keep the system numerically stable because of excess of stiff-
ness, khist can be fine-tuned to keep the simulation stable. In
our experiments, we have set khist so that the added stiffness
can increase up to approximately ten times kmin.
One important numerical drawback of the fractional derivative
formulation is that it is a global derivative over the whole his-
tory of the particle. Clearly, this would pose performance prob-
lems as the simulation moves forward since the cost of calcu-
lating each simulation step would be always greater than the
cost of the previous step. Therefore we limit the amount of
history to be considered by changing the start index of the sum
in Equation 5 from p = 0 to p = n − d, where d is the num-
ber of time steps in the past that we would like to take into
account. Parameter d is also a useful parameter to model the
characteristics of the material. If the material being modeled
has long-term memory, it makes sense to use a large number
of past states. On the other hand, if the material has short-term
memory, a small value for d should be chosen.
We have investigated the behavior of a single particle under
the influence of our history-based spring element in order to
analyze the evolution of the history-based stiffness with re-
spect to the particle’s velocity magnitude. Figures 3 and 4
present several history-based stiffness values generated by var-
ious memory settings (various d values) and for history-based
spring terms with various q values. Figure 3 demonstrates how
the history-based stiffness changes when the particle gains a
temporarily high velocity due to an impact. Figure 4 shows the
evolution of the history-based stiffness when the particle moves
with a steady velocity for a longer period time. It is possible
to observe that the history-based stiffness increases more and
lasts for a longer period when more states in the past are consid-
ered. Furthermore, it can be seen in the graph that limiting the
number of past timesteps naturally creates a maximum limit for
history-based stiffness, leading to obvious advantages in terms
of controlling the numerical stability. In real experiments with
shear thickening fluids composed of cornstarch and water we
have observed that the material has the approximate memory
of one second. Therefore we have chosen d = 1/∆t in our
simulations.
Another important modeling decision is the choice of the frac-
tional derivative order. Equation 3 is defined for values of q
such that 0 < q < 1. The evolution of the weights gener-
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Figure 3: The upper-left graph shows the velocity of a single particle subjected to a temporary velocity increase due to an impact.
The next three graphs (in left-right, top-down order) show the evolution of the history-based stiffness values of the spring connected
to the same particle, when its velocity changes according to the upper-left graph. Curves for various d values are given in each graph.
The second, third and forth graphs are based on the order of the fractional derivative q = 0.2, q = 0.5 and q = 0.8 respectively.
ated by the fractional derivative for different values of q is pre-
sented in Figure 2. It can be observed that as q gets closer
to 1, the history effects tend to disappear. As the value of q
gets close to 0, the effect of the past time steps tend to be-
come similar. Both extreme cases do not seem to be useful for
our problem. From previous work on fractional derivatives on
memory systems we know that the half-derivative (q = 0.5) is
the best choice for describing a number of phenomena in rhe-
ology [27] [28] [29] [30] [26]. We have therefore used q = 0.5
as the fractional derivative order in our experiments. The value
of q = 0.5 was also experimentally observed to produce best
results.
Different values of q can be always specified by animators in
order to experiment with different history effects. For the sake
of examining the different behaviors that can be achieved, an
analysis of the history effects generated with q = 0.2, q = 0.5,
and q = 0.8 is also presented in Figures 3 and 4. We also
present results demonstrating a longer-lasting solidification ef-
fect that can be achieved with q = 0.2 (Figure 8).
Considering all discussed parameters and adapting Equation 5
to the case of two particles connected by a spring, the total
force between two given connected particles is:
F =− 1
khist ∆t0.5
Γ(2.5)
∥∥∥∥∥∥
n∑
p=n−d
ap,n (vpi − vpj)
∥∥∥∥∥∥+ kmin

xi − xj
‖xi − xj‖ (‖xi − xj‖ − L),
(6)
where vpi and vpj are the velocities of the particles i and j at
the past timestep p andL is the rest length of the spring. As part
of the employed prediction-relaxation integration scheme [25],
the displacement generated by the spring force is computed by
multiplying the spring force by ∆t2, and then the displacement
is applied to the positions of the particles.
3.3 Boundary Conditions
Experiments with real shear thickening fluids show that shear
thickening can support objects with extreme masses. A bowl-
ing ball can jump and roll, and a person can literally walk on
a shear thickening fluid while the fluid is in its solid-like state.
Experiments in physics and rheology stress the importance of
solid container walls in other shear thickening behavior [6].
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Figure 4: The shown graphs present the same plots as in Figure 3, except for the upper-left graph which shows the velocity of a
single particle moving with constant velocity for a given period of time.
The force applied to the surface is eventually transmitted to
the boundaries of the container and solid walls help the fluid to
support even greater masses.
Our network of history-based springs can simulate this behav-
ior up to some extent. To improve the overall results an addi-
tional technique is employed for making sure that the particles
at the boundary of the fluid are highly sticky to the boundary
walls. For a particle at the boundary, its velocity is separated
into its normal and tangential components. We completely can-
cel the normal velocity component that is perpendicular to the
wall. We also lower the tangential velocity component in a pro-
portional way to the average of the history-based stiffness of
the springs that the particle is connected to. In this way, when
the fluid exhibits solid-like behavior, the particles at the bound-
aries are almost fixed. As the stiffness of the whole system
decreases, the particles at the boundaries become less sticky.
3.4 Summary of Overall Algorithm
The main steps of the overall simulation algorithm are summa-
rized in Algorithm 1.
Time integration is computed through prediction-relaxation. In
the prediction-relaxation approach, first the forces originating
from gravity and viscosity are calculated, and then the velocity
is updated based on these forces. The particle is then virtually
moved to its predicted position based on the current velocity.
At this predicted position, the density forces of SPH and the
spring forces that account for the elasticity are calculated and
the displacement due to these forces is immediately applied to
the particle.
Lastly, collisions between the particles and the walls of the con-
tainer are resolved and the positions of the particles are cor-
rected. The velocities of the particles are implicitly calculated
at the end of the timestep.
4 Results and Discussion
There is an abundance of real experiments involving shear
thickening fluids, namely with cornstarch and water mixtures,
that show us how the material behaves in different conditions.
We evaluate our model by visually comparing our simulations
with these real experiments.
In our first experiment we have simulated a scene where a
bowling ball is rolled on the surface of the shear thickening
fluid. The real version of this experiment is important in many
aspects. First, it shows that the fluid can support a high mass
object such as a bowling ball and that the solid-like phase of the
material can even make the bowling ball slightly bounce on the
surface. Second, the bowling ball can roll on the fluid surface
Page 7
Figure 5: Vibration experiment with a shear thickening fluid. The images show a comparison between the real experiment results [31]
(left image) and our results obtained in simulation (right).
Figure 6: The snapshots from the vibration experiment with our shear thickening fluid model show the expected finger-like forma-
tions with various shapes. These formations do not appear if the history terms are removed.
Algorithm 1 Simulation Step
1. // Apply gravity:
2. for all particle i do
3. vi ← vi + ∆tg
4. end for
5. // Update velocities with viscosity forces:
6. ApplyViscosity();
7. for all particle i do
8. xprevi ← xi // Save previous position
9. xi ← xi + ∆tvi // Advance to predicted position
10. end for
11. // Add or remove springs, or change rest lengths if neces-
sary:
12. AdjustSprings();
13. // Apply displacements due to history-based spring ele-
ments:
14. ApplySpringDisplacements();
15. // Apply displacements due to pressure forces:
16. DoubleDensityRelaxation();
17. // Use previous positions to compute next velocities:
18. for all particle i do
19. vi ← (xi − xprevi )/∆t
20. end for
21. // Take into account the boundary conditions:
22. DetectAndProcessBoundaryParticles();
as if rolling on a solid surface. Third, even when the motion of
the bowling ball ends, it still stays on the surface of the fluid
for a given time, before it slowly starts to sink.
The bowling ball scene clearly shows the history effects in ac-
tion in the mechanics of the fluid, and our model is able to suc-
cessfully replicate in simulation the same behavior observed in
real experiments. The fluid immediately solidifies under the
high impact of the ball, acting somewhat like a spring mattress.
It then keeps its solid-state for a while, letting the bowling ball
roll on the surface, and when the ball stops the fluid gradually
softens and enters into its liquid state allowing the ball to sink.
These phases are illustrated by the snapshots presented in Fig-
ure 9. Without the history terms the ball just sinks, as shown in
Figure 7.
In our second experiment we have simulated the shear thick-
ening fluid subjected to vibration forces. In the real experi-
ments the fluid is placed on a speaker creating vibrations that
are transmitted to the fluid. After some time the fluid slowly
starts changing its phase from liquid-like to solid-like. First the
fluid forms holes and starts clustering at some random regions.
Then the clustered regions slowly grow and form finger-like
formations. The finger-like formations gradually get taller un-
til they either merge with other parts of the fluid or break off
from the main fluid body. Figure 5-left shows a snapshot of the
real experiment.
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Figure 7: Without the history terms the bowling ball quickly sinks as in a normal fluid.
Figure 8: These snapshots show the long-lasting solidification effect achieved using a full history (i.e. using all the past timesteps)
along with q = 0.2.
We have performed a similar experiment in simulation with a
fluid with 10K particles. We have placed equally distributed
vibration sources at the bottom of the container and we have
added random changes in the vibration frequency throughout
the simulation. Figure 5 compares the behavior observed in
the real experiment against the results obtained in simulation
with our method. Additional results are presented in Figure 6,
showing that our fluid model with history effects is able to suc-
cessfully simulate the expected finger-like formations.
We have also compared the fluid with history-based springs
against the fluid with no history terms. While, the vibra-
tion forces cause an accumulated history-based stiffness on the
springs and the particles naturally start to climb on each other,
the fluid without history terms could not achieve any of the
finger-like formations.
Our vibration experiment shows that finger-like formations re-
quire history terms, in agreement with the model of [8]. The
obtained results are the first to confirm that prediction in a dy-
namic simulation. The fact that several of the phenomena as-
sociated with shear thickening have been simulated for the first
time with a model with strong history effects suggests that hys-
teresis may be more generally important to shear thickening
than previously indicated. These effects have been ignored in
the standard models for shear thickening such as hydrocluster-
ing [4] or dilatancy [6] and this insight may lead to improve-
ments of those models so that they can finally predict some of
the interesting phenomena associated with shear thickening.
We have also tested the effects of increasing the number of past
timesteps used to compute the fractional derivative (parameter
d in Equation 6) in conjunction with the history term q. In
order to achieve a long lasting solidification, we used a full
history (i.e. using all the past timesteps) along with q = 0.2.
The expected behavior from this combination of parameters is
shown in the upper right graph of Figure 3. The simulation of
this scenario matched our expectations and lead to a stiffer fluid
after impact. The fluid took relatively more time to go back to
its liquid state and a long lasting solid state is achieved. See
Figure 8.
We have also analyzed the parameter space of our model. The
main significant parameter is the fractional order q. In our
model when q = 0.5 (half-derivative) the history effects are
most visible. The other variations of the parameter q showed
different in-between behaviors between solid and liquid. These
variations are numerically demonstrated and the behavior ac-
quired from different values of q are compared in Figures 3
and 4.
The second important parameter, d, is the number of timesteps
used to compute the half derivative. This parameter plays an
important role in controlling the duration of the transition from
solid to liquid state. We kept this parameter fixed in the first two
animations in order to demonstrate the effects of the fractional
order q. However, in our last animation (Figure 8), we show
that a long lasting solid state can be achieved by using a long
history (i.e. very high d values). The presented examples cover
the most visually interesting combination of parameters, and a
larger number of possibilities are presented numerically in the
graphs of Figures 3 and 4.
In terms of performance, the running time obtained with our
system is approximately 1.5 seconds per frame for a simulation
of 20K particles in an Intel Core(TM) i7-2600K 3.4 GHz com-
puter. The added computation time by the inclusion of history-
based spring forces is minimal and these terms do not affect
the complexity of the algorithm. The weights of the fractional
derivative term can be precomputed and used in combination
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with the stored past velocities. Equation 6 requires the algo-
rithm to store the past velocities of the particles only up to a
given number of timesteps, leading to an extra memory space
requirement that is linear to the considered history size. For
a history of d timesteps, d velocity vectors (and pre-computed
scalar weights) are stored. Table 1 summarizes computational
times obtained with our system.
Table 1: Computation time with respect to history size. Nota-
tion: d is the number of timesteps used in the computation of
the half derivative, n is the number of particles, tframe is the
average computation time per frame without history terms, and
thistory is the average time per frame to compute the history
terms.
Experiment d n tframe thistory
Bowling Ball 0 20K 1.226 s 0 ms
Bowling Ball 50 20K 1.335 s 4 ms
Bowling Ball 150 20K 1.494 s 12 ms
Bowling Ball 500 20K 1.627 s 40 ms
Vibration 0 20K 1.192 s 0 ms
Vibration 50 20K 1.245 s 4 ms
Vibration 150 20K 1.388 s 12 ms
Vibration 500 20K 1.539 s 40 ms
While only a given number of past timesteps are used in the
computation of the fractional derivative term, the obtained
value is an approximation of the true fractional derivative value
and as such it can be as close as needed to the real value. The
computation results in a weighted combination of past veloc-
ities that can be seen to resemble a local smoothing method;
however, the fractional derivative formulation (Equation 3) en-
ables the most interesting behavior of shear-thickening fluids
to emerge in simulation (Figures 1 and 5). These effects have
not been demonstrated in simulation before.
As for limitations, although our model is able to imitate shear
thickening fluids to a great extent, we have observed that in the
vibration experiment the finger-like formations did not grow as
tall as in the real experiment. This prevented the replication
of finger-like formations falling and merging with each other
forming bridges.
Although we have not addressed shear thinning fluids and yield
stress fluids in the scope of this paper, there is a wide literature
on using fractional calculus for the simulation of these kinds of
fluids as well. Yield stress fluids typically have hysteresis in the
yield stress, although the hysteresis is in the opposite direction
than for shear thickening fluids (higher viscosity after a history
of resting). We believe these fluids can be simulated with vari-
ations of our model. Another direction for future work would
be to allow artists to manually edit history curves associated to
the fluid, in order to allow the exploration of different effects
for history-based fluids.
5 Conclusions
We have introduced a first attempt to visually simulate the dy-
namic behavior of shear thickening fluids. The proposed model
is based on an efficient history-based stiffness term, which has
showed to be essential for achieving discontinuous shear thick-
ening behavior.
The obtained results successfully reproduce several behaviors
that can be observed in real experiments. Our results show
that complex relationships between hysteresis, viscoelasticity
and flows can be successfully reproduced, and the proposed
techniques show great potential to be extended for addressing
other types of mixtures.
The presented approach is relatively simple and efficient, and
demonstrates a new technique for simulating unconventional
behavior in a visually plausible way.
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Figure 9: The first image (in top-down order) shows the first moment of impact where the shear thickening fluid successfully carries
the mass of the bowling ball and makes it bounce. The second image shows the second moment of impact after the bounce. The
bowling ball still won’t sink but slows down. The third image shows the moment where the bowling ball comes to a stop. Since the
fluid is still in its solid-like state, the bowling ball will not immediately sink. The fourth image shows the end of the simulation where
the history-based stiffness starts to vanish and the fluid transitions to fluid-like state, finally resulting in the sinking of the bowling
ball.
Page 12
